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SECOND-ORDER ELONGATION OF METAL TUBES
IN CYCLIC TORSION

MARIA RONAY

Columbia University, New York
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Abstract-Aluminum tubes of different wall-thickness are subjected to reversed cyclic torsion of the same
amplitude superimposed on the same axial tensile stress. The observed strong dependence on wall thickness of
the axial extension accumulating with the number of torsion cycles ("cyclic creep") implies that this phenomenon
is due to the amplification, by superimposed tension, of accumulating second-order strain increments.

1. INTRODUCTION

WHEN a polycrystalline metal bar or tube under axial tension that by itself produces only
a small or no permanent elongation, is subjected to cyclic torsion of small amplitude
(shear strain ±Y < 10- 2

), it starts to extend rapidly by accumulation of irreversible strain
increments in each half cycle; observations of this phenomenon known as "cyclic creep"
have been reported for various metals [IJ without convincing explanation, None of the
current plasticity theories can predict a steady axial strain-accumulation produced by
small cyclic torsion interacting with tension. Tentative mechanisms suggested to account
for the "cyclic creep" are

(a) softening, resulting from cyclic-strain-induced recovery processes in the metal,
which counteracts the strain-hardening that otherwise blocks the extension [2J ;

(b) reduction of the yield limit under combined tension and torsion by the Bauschinger
effect resulting from reversal of torsion; thus at some point in each cycle the combined
stress exceeds the reduced yield limit [3].

On the basis of a recent systematic experimental study of the accumulation of axial
strain due to cyclic torsion with and without axial tension [4J it was concluded, however,
that the strain accumulation could only be the manifestation of an irreversible second
order effect that had not previously been reported, but which represents the logical
counterpart, in the strain-hardening medium, of the so-called Poynting effect in the elastic
medium. The difference which makes this effect physically so much more significant and
also so much more easily observable than the Poynting effect is its irreversibility; it
accumulates and can therefore be arbitrarily magnified by repeated strain-cycling, subject
only to the limitations of progressive strain-hardening or fatigue cracking [5].

While the assumption that mechanism (a) can account for cyclic strain accumulation
has been shown to be untenable, it is possible to base a reasonable explanation of this
accumulation on mechanism (b), [6J, independently of the fact that the existence of second
order axial strain accumulation produced by cyclic torsion without applied tension has
been clearly demonstrated, and that it has been shown that the proposed new constitutive
equation of the strain-hardening medium provides for the possibility that the axial extension
under the combination of tension and cyclic torsion is the result of second-order strain
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amplified by its interaction with the applied tension, and magnified by the repeated
cycling [7]. The persistence into the range of interaction with small tensile stresses of the
quadratic relation between the cyclic shear strain and the axial extension, which is character
istic for second-order extension due to torsion without tension, strengthens the belief that
second-order strain is a condition for the existence of "cyclic creep." Nevertheless, this
evidence, while reasonably convincing, is not conclusive as long as the alternative
mechanism (b) is not shown to be contradicted by observations that can be explained only
by second-order theory.

2. EXPERIMENTS AND RESULTS

The experiments described in this paper have been designed for this purpose. They are
concerned with the observation of the accumulation of axial strain caused by torsion
cycling without and with superimposed axial tension, in metal tubes of different wall
thickness. The solution of the problem of torsion of a thick-walled elastic tube on the
basis of a constitutive equation containing a second-order term required by the condition
of coordinate invariance of the tensor relation leads to the prediction that the normal
stress (1z exerted by the longitudinally restrained cylinder or the resulting longitudinal
extension of the unrestrained cylinder is a function of the wall-thickness, and increases
with decreasing thickness (8]. For the hollow elastic cylinder of outer radius R and inner
radius r the normal force N z

N z = const. q>2(R4 _r4 ) (1)

where the constant depends on a combination of physical constants, qJ is the angle of twist
and () = (R-r) is the wall-thickness. For a solid section N zs = const. qJ 2R4, while for a
thin-walled tube (R+r) ""'" 2R and therefore Nzr == const. qJ2. 4R3<5. The mean axial stress
in the thin-walled tube iizr = const. 2qJ 2 R21re is therefore twice that in the solid cylinder
iizs = const. qJ2 R2Ire. So far no solution of this problem exists for the strain-hardening
hollow cylinder. Considering, however, that in rough approximation the strain-hardening
material in the loading range can be represented by an elastic material with a modulus
that decreases with increasing stress, the assumption seems plausible that in such a material
the form ofequation (1) would be preserved. However if the hollow cylinder is longitudinally
unrestrained the axial extension must be expected to increase faster than the stress, so that
the ratio of the accumulating second-order strain-increments in the thin-walled tube and
the solid cylinder may be considerably higher than the ratio of the stresses.

If tubes of different wall-thickness are subjected to the same constant tensile stress on
which reversed cyclic torsion of the same amplitude is superimposed, the resulting
accumulating axial strain ("cyclic creep") must be expected to retain the strong dependence
on wall-thickness that is characteristic of second-order strain accumulation without
tension, if the accumulating strain is due to the amplification of this second-order strain
by the interacting tension. If, on the other hand, it is a first-order plastic strain increment
produced by the cyclic reduction, due to the Bauschinger effect, of the yield limit below
the level of the combination oftensile and shear stress, its magnitude should be independent
of wall-thickness, provided the applied tensile stress in tubes of different wall-thickness is
kept constant by reducing the tensile force in proportion to the area of the cross-section.

Tubes of 99·99 % aluminum were used in the experiments. Their outer diameter was
D = 0·25 in., while variation of the inner diameter produced a series of tubes of 2, 3, 4, 5, 6
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and 8 x 10- 2 in. wall-thickness; the series included a solid specimen; the tubes were bored
out of solid bars. The torque-twist diagram obtained on the tube with the smallest wall
thickness is shown in Fig. 1.
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FIG. I. Uni-directional torque-twist diagram obtained on aluminum tube.

The specimens were mechanically polished and subsequently annealed in vacuo for
5 hr at 600-660°F; the average grain size after the anneal was 0·1 mm. Figure 2 shows the
size of grains in radial direction of the tube with the smallest (2 x 10- 2 in.) wall-thickness.
The number of grains across the wall is large enough to justify the consideration of the
material as quasi-isotropic, a fact which is important for the validity of the theory of
second-order effects.

In the alternating torsion fatigue machine used in the tests and operating at 1750 cpm,
the imposed total strain amplitude (plastic and elastic) can be varied by means ofa variable
eccentric [9]. This twist is applied to one end of a specimen; the other end cannot rotate
but is free to slide in longitudinal direction. The axial strain accumulating during alternating
torsion is measured by means of a micrometer attached to the frame of the machine and
making contact with a'screw attached to the sliding grips. Extensions can thus be deter
mined as a function of the number of torsion cycles. The reversed torsion can be applied
with or without an additional axial load. In both cases axial extension of the specimen is
continuously measured during the experiments. With a gage length of 1·375 in. a twist of
q> = ±1° produces y = ±15 x 10-4 reversed shear strain in the tubes.

In an elastic medium the small longitudinal compressive force Nz can prevent the
reversible second-order extension produced by an applied torque [10]. In a work
hardening medium the application of such a force hinders the accumulation of irreversible
second-order extension produced by cyclic torsion [11]; as a consequence the specimen
starts to buckle after a number of torsion cycles which depends on wall-thickness and
amplitude of cyclic strain. It has been shown, however, that the compressive stress that
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could restrain the axial extension is so small that the effect of friction in the sliding parts of
the machine cannot be neglected even though these parts were designed for minimum
friction.

This friction was partly overcome by the application of a 10 g axial load in one series
of tests and of a 12·5 g axial load in the other series of tests. These axial loads did not
produce strain in the specimen that could be detected in measurements with 1 x 10- 6 in.
accuracy. In fact these loads still appeared to leave a very small compressive force acting
against the axial extension of the specimen, since the thinnest tubes buckled slightly in the
course of the axial extension as marked on Fig. 3 in which the test results are presented for

Aluminum Tubes ,0.0. =.25 in
Torsion Amplilude ±3°

(y =± 45.x 10.4 )

125g
AxiOI LOOd{

10.Og ----

ce 40
Vi
"0

~ 20

0
0 02 04 06 08 10 .12

Woll Thickness, in

100
XI0

3

N { 12.5g-
80 5000 Axial Load

cycles 10.og ----

tv
v-.l 60
c
'e
Vi
- 40
0
'x
<l

20

0
0 02 04 06 08 .10 12

Woll Thickness, in

60
·w
v-.l

FIG. 3. Effect of wall-thickness of aluminum tubes on accumulating second-order axial strain under
N cycles of reversed torsion. Test series I and 2 (ep = ±3°).

different numbers of torsion cycles. The reason for not increasing the axial load till buckling
was completely eliminated was the wish to avoid the application to the specimen, of even
the slightest axial tension. The axial strains recorded in the series of tests conducted with
10 and 12-5 g axial load can thus be considered as very slightly restrained pure second
order extensions.



FIG. 2. Grain structure across wall-thickness of tube.
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FIG. 4. Effect of wall thickness of aluminum tubes on axial strain under a constant axial tensile stress
C1 = 350 psi with superimposed N cycles of reversed torsion (cp = ±3°).
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FIG. 5. Comparison between the effects of wall thickness on axial strain accumulation under N cycles
of reversed torsion with and without axial tensile stress (cp = ±3°).
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In another test series of tubes of different wall-thickness the same strain amplitude in
reversed cyclic torsion was superimposed on axial tensile forces that produced in all tubes
the same tensile stress of 350 psi. The result of these tests are presented in Fig. 4. They
show conclusively that the effect of the wall-thickness characteristic of the pure second
order extension remains practically unchanged when an axial stress is applied. This
conclusion is confirmed by Fig. 5 in which the results of tests with and without axial
tension are compared for different numbers of load cycles.

The effect of wall-thickness almost vanishes, however, when the applied cyclic torsion
amplitude is substantially increased from qJ = ±3° or y = 4·5 X 10- 4 , to qJ = 20° or
y = 3 X 10- 2

, as demonstrated by the test results presented in Fig. 6(a). This is probably
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FIG. 6. Effect of wall thickness on axial strain accumulation under N cycles of reversed torsion
cp = ±20· (a) without and (b) with (1 = 350 psi axial tensile stress.

the result of the known [12] reduction of second-order extension at strains beyond one or
two percent, which is closely related to the flattening of the stress-strain diagram in this
region (see Fig. 1). However, the superposition of a tensile stress of 350 psi reproduces
almost exactly, at a higher level of axial strain, the diagrams obtained in pure cyclic torsion
[Fig. 6(b)]. This is clearly shown in Fig. 7 where the axial extension for N = 100 due to
cyclic torsion with (J' = 0 and (J' = 350 psi are compared.
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FIG. 7. Comparison between diagrams for N = 100 cycles of Figs. 6(a) and (b).

3. CONCLUSIONS

The results of the cyclic torsion experiments on metal tubes of different wall-thickness
provide the evidence that the mechanism of axial strain accumulation under combined
tension and cyclic torsion ("cyclic creep") is the amplification, by second-order interaction,
of the second-order strain accumulation produced by cyclic torsion alone, No other suggest
ed mechanism can provide an explanation for the effect of the wall-thickness of a tube on
the axial extension under the same tensile stress.

Acknowledgement-The assistance of Mr. J. Liu in the performance ofthe experiments is gratefully acknowledged.

REFERENCES

[1] P. P. BENHAM, J.lnst. MetalsM, 328 (1961). G. J. MOYAR and G. M. SINCLAIR, Proc. Joint Int. Conf. on
Creep, lnst. Mech. Engrs, London, 1963, pp. 2-47. W. A. WOOD and S. McK. CoUSLAND, Proc. Joint Int.
Conf. on Creep, Inst. Mech. Engrs, London, 1963, pp. 3-25.

[2] C. E. FELTNER and G. M. SINCLAIR, Proc. Joint Int. Conf. on Creep, lnst. Mech. Engrs, London, 1963, pp.
3-29.

[3] W. A. WOOD and W. H. REIMANN, Columbia University Tech. Rep. Nonr 266(91), No. 18 (1965).
[4] M. RONAY, Br. J. appl. Phys. 16, 727 (1965).
[5] M. RONAY, J.lnst. Metals 94,392 (1966).
[6] W. A. WOOD, Acta meta/l. 15,841 (1967).
[7) A. M. FREUDENTHAL and M. RONAY, Proc. R. Soc. Am, 14 (1966).
[8] R. S. RIVUN, J. rat. Mech. Analysis 2,53-81 (1953).
[9] W. A. WOOD and S. McK. CoUSLAND, Proc. Joint Int. Conf. on Creep, Inst. Mech. Engrs, London, 1963,

pp.3-25.
[10] R. S. RIVLrN and D. W. SAUNDERS, Phil. Trans. R. Soc. A243, 251 (1951).
[11] M. RONAY, Int. J. Solids Struct. 3, 167 (1967).
[12] Ref. [7], p. 35.

(Received 17 June 1967; revised 26 October 1967)



516 MARIA RONAY

AficTpaKT-AnIOMHHHCBblC Tpy6bl C palHOA TOnWHHOA CTCHKH, nOllBCplKCHblC 06pUHOMy UHKnH'IccKoMy

Kpy'lCHHH C TaKOAlKC caMoA aMnnHTYllOA, HaKnallblaaCMOA Ha oceBoe HanplllKCHHC paCTlIlKCHHlI. Ha6mo

llacMall CHnbHall l8BHCHMOCTb Ha TonWHHy CTCHKH oceBoro YMHHHCHHII. aKKYMMYJlHpYtoerO C '1HCJlOM

UHKJlOB KPY'ICHHlI /"UHKJlH'ICCKall nOJllY'ICCTb"/ Bbl3b1BaCT. 'ITO )TO lIBJ1CHHC BJIHlICT Ha yBCJlH'ICHHC,

nyTcM HaKnallblaaCMOrO paCTlIlKCHHlI, aKKYMYJlHPYIOWHX npHpaWCHHA llcljlopMaUHH BTOpOrO paHra.


